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diffusion equation in 2d:
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import matplotlib.pyplot as plt

from matplotlib import cm
import numpy as np

from mpl_toolkits.mplot3d import axes3d, Axes3D

###varitable declarations
nx = 31

ny = 31

nt = 17

nu = .05

dx = 2 / (nx - 1)
dy =2/ (ny - 1)
sigma = .25

dt = sigma * dx * dy / nu

X

y

np.linspace(0, 2, nx)
np.linspace(0, 2, ny)

u = np.ones((ny, nx))
un = np.ones((ny, nx))

ulint(.5 / dy):int(1 / dy + 1),int(.5 / dx):int(1 / dx + 1)] =
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[4] :

def diffuse(nt):
ulint(.5 / dy):int(1 / dy + 1),int(.5 / dx):int(1 / dx + 1)] = 2

for n in range(nt +
un = u.copy()
ull:-1, 1:-1] =

ulo, :]J =1
ul-1, :] =1
ul:, 0] =1
ul:, -1] =1

1):

(un[1:-1,1:-1] +

nu * dt / dx**2

(un[1:-1,

2:]1 -

nu * dt / dy**2

(un[2:,1:

fig = plt.figure(figsize=(12,3))

_1] =

* un[1:-1, 1:-1] + un[1:-1, 0:-2]) +

* un[1:-1, 1:-1] + un[0:-2, 1:-1]))

ax = fig.add_subplot(1,3,1, projection='3d"')
diffuse(3)

X,

ax.

ax

ax.
ax.
ax.

Y = np.meshgrid(x, y)
set_zlim(1, 2.5)

.plot_surface(X, Y, u)

set_xlabel('X Label')
set_ylabel('Y Label')
set_zlabel('Z Label')

ax = fig.add_subplot(1,3,2, projection='3d"')
diffuse(25)

X,

ax.

ax

ax.
.set_ylabel('Y Label')

ax

ax.

Y = np.meshgrid(x, y)
set_zlim(1, 2.5)

.plot_surface(X, Y, u)

set_xlabel('X Label')

set_zlabel('Z Label')

ax = fig.add_subplot(1,3,3, projection='3d"')
diffuse(40)

X,
ax
ax
ax

ax.
ax.

Y = np.meshgrid(x, y)

.set_zlim(1, 2.5)
.plot_surface(X, Y, u)
.set_xlabel('X Label')

set_ylabel('Y Label')
set_zlabel('Z Label')

plt.show()
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Laplace’s pressure equation in 2D is written as

Pp O _
ox2 Oy

The discretized form is written as

Piv1— 207+ P n Pije1 — 207+ 07

Az? Ay? =0

The pressure equation is solved in each time step

o AR+ ) + AR+ P] )
Pij 2(Az? + Ay?)

U represents the velocity field:

V-i = 0 (3)

0] 1
Z:Jr(a-vw = —EVeryv%? (4)

the continuity equation V - ¥ = 0 provides a that requires the pressure field to evolve so that the
rate of expansion V - ¥ should vanish everywhere. In incompressible flow construction of a pressure
field guarantees continuity is satisfied.

Piviy = 2Pty T Pi1y | Piga = 2Ph, TP
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= b;
As before, we rearrange this so that we obtain an equation for p at point 4, j. Thus, we obtain:
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Similar for v
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The momentum equation in the u direction:
At At
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The momentum equation in the v direction:

At At

v =l — Yii Ay (v = Vi) — Vi Ay (v = vi51))
At
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tv Ar? (vq,; — 20 + vy ) + A (v} 1 — 207 + 0 )

Rearranging the pressure-Poisson equation:
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[5]: nx = 41

ny = 41
nt = 500
nit = 50
c=1

dy = 2/ (ny - 1)

x = np.linspace(0, 2, nx)
y = np.linspace(0, 2, ny)
X, Y = np.meshgrid(x, y)

rho = 1
nu = .1
dt = .001

u = np.zeros((ny, nx))
v = np.zeros((ny, nx))
p = np.zeros((ny, nx))
b = np.zeros((ny, nx))

[6]: def build_up_b(b, rho, dt, u, v, dx, dy):

b[1:-1, 1:-1] = (rho * (1 / dt *
(Cul1:-1, 2:] - ult:-1, 0:-21) /
(2 * dx) + (v[2:, 1:-1] - v[0:-2, 1:-1]) / (2 * dy)) -
(C(ult:-1, 2:]1 - ull:-1, 0:-2]) / (2 * dx))**2 -
2 x ((u[2:, 1:-1] - u[0:-2, 1:-11) / (2 * dy) *
(vl1:-1, 2:] - v[1:-1, 0:-2]) / (2 * dx))-
((wl2:, 1:-1] - v[0:-2, 1:-1]) / (2 x dy))*%x2))

return b

[7]: def pressure_poisson(p, dx, dy, b):
pn = np.empty_like(p)
pn = p.copy()

for q in range(nit):
pn = p.copy()
plt:-1, 1:-1] = (((pnl1:-1, 2:] + pn[l:-1, 0:-2]) * dy**2 +
(pn[2:, 1:-1] + pn[0:-2, 1:-1]1) * dx**2) /
(2 * (dx**2 + dy*x*2)) -
dx**2 * dy**2 / (2 * (dx**2 + dy**2)) *
bl1:-1,1:-11)

pl:, -11 = pl:, -2] # dp/dz = 0 at z = 2
plo, :1 = pl1l, :1 #dp/dy = 0 at y =0
pl:, 01 = pl:, 1] # dp/dx = 0 at = = 0



return p

[8]: def cavity_flow(nt, u, v, dt, dx, dy, p, rho, nu):
un = np.empty_like(u)
vn = np.empty_like(v)
b = np.zeros((ny, nx))

for n in range(nt):

un = u.copy()

vn = v.copy()

b = build_up_b(b, rho, dt, u, v, dx, dy)

p = pressure_poisson(p, dx, dy, b)

ul1:-1, 1:-1] = (un[1:-1, 1:-1]-
unf[1:-1, 1:-1] * dt / dx *
(unf1:-1, 1:-1] - unf1:-1, 0:-2]) -
van[l:-1, 1:-1] * dt / dy *
(unf1:-1, 1:-1] - un[0:-2, 1:-1]) -

dt / (2 * rho * dx) * (p[i:-1, 2:] - p[l:-1, 0:-2]) +
nu * (dt / dx**2 %

(unf1:-1, 2:1 - 2 * un[1:-1, 1:-1] + unf1:-1, 0:-2]) +
dt / dy*x2 *

(unf2:, 1:-1] - 2 * un[1:-1, 1:-1] + un[0:-2, 1:-1])))

v[1:-1,1:-1] = (vn[1:-1, 1:-1] -
unf[1:-1, 1:-1] * dt / dx *
(vnl1:-1, 1:-1] - vn[1:-1, 0:-2]) -
von[l:-1, 1:-1] * dt / dy *
(vnl1:-1, 1:-1] - vn[0:-2, 1:-1]) -

dt / (2 * rho * dy) * (p[2:, 1:-1] - p[0:-2, 1:-1]) +
nu * (dt / dx**2 *

(vnfl1:-1, 2:1 - 2 * vn[1:-1, 1:-1] + vn[1:-1, 0:-2]) +
dt / dy**2 *

(vn[2:, 1:-1] - 2 * vn[1:-1, 1:-1] + vn[0:-2, 1:-1])))

ul0, :] =0
ul:, 0] =0
ul:, -1] =0
ul-1, 1 =1 # set velocity on cavity lid equal to 1
v[0, :] =0
vi-1, :1 =0
vl:, 0] =0
vl:, -1] =0



return u, v, p

[9]: u = np.zeros((ny, nx))
v = np.zeros((ny, nx))
p = np.zeros((ny, nx))
b = np.zeros((ny, nx))
nt = 100
u, v, p = cavity_flow(nt, u, v, dt, dx, dy, p, rho, nu)
fig = plt.figure(figsize=(6,4))
plt.contourf(X, Y, p, alpha=0.5, cmap=cm.viridis)
plt.colorbar ()
plt.contour(X, Y, p, cmap=cm.viridis)
plt.streamplot(X, Y, u, v)
plt.xlabel('X")
plt.ylabel('Y');
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